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MicromechanicsA homogenization procedure to estimate the macroscopic strength of nonlinear matrix-inclusion com-
posites with different strength characteristics of the matrix and inclusions, respectively, is presented
in this paper. The strength up-scaling is formulated within the framework of the yield design theory
and the linear comparison composite (LCC) approach, introduced by Ponte Castaneda (2002) and
extended to frictional models by Ortega et al. (2011), which estimates the macroscopic strength of com-
posite materials in terms of an optimally chosen linear thermo–elastic comparison composite with a sim-
ilar underlying microstructure. In the paper various combinations for the underlying material behavior
for the individual phases of the composite are considered: The matrix phase can be a quasi frictional
material characterized either by a Drucker–Prager-type (hyperbolic) or an elliptical strength criterion,
which predicts a strength limit also in hydrostatic compression, while the inclusion phase either may
represent empty pores, pore voids ﬁlled with a pore ﬂuid, rigid inclusions, or solid inclusions, whose
strength characteristics also maybe described by a Drucker–Prager-type or an elliptical strength criterion.
For generating the homogenized strength criterion efﬁciently in such general cases of matrix-inclusion
composites, a novel algorithm is proposed in the paper. The validation of the proposed strength homog-
enization procedure for selected combinations of strength characteristics of the matrix material and the
inclusions is conducted by comparisons with experimental results and alternative existing strength
homogenization models.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The macroscopic properties of materials characterized by a het-
erogeneous microstructure, such as natural or artiﬁcial composite
materials (concrete, geological materials, ﬁbre reinforced compos-
ites) is governed by the properties, the shape and topology of the
individual components (generally denoted as material phases) re-
lated often to a large range of spatial scales. For the determination
of macroscopic properties of heterogeneous materials on the basis
of the knowledge of their microstructure, appropriate multiscale
methods are required. Such methods may be based upon computa-
tional multiscale methods or on analytical methods such as contin-
uum micromechanics. Computational multiscale methods are
attempting to directly numerically resolve the meso- or micro-
structure of heterogeneous materials by means of numerical dis-
cretization methods such as the ﬁnite element method and
generate macroscopic quantities from homogenization over the
subscale model (the representative elementary volume). For a sur-vey of this class of multiscale methods we refer to Hain and Wrig-
gers (2006), Sun et al. (2011) and Fish and Wagiman (1993). While
this class of methods evidently allows a detailed analysis of the
interactions between phases at lower scales, its computational ef-
fort is enormous. In cases, when homogenized properties, such as
macroscopic elastic stiffnesses, viscosities, permeabilities or mate-
rial strength are required based upon local information from the
different phases (this task will be denoted in the following as
‘‘upscaling’’), analytical methods may serve as a powerful concep-
tual basis. As far as the upscaling of linear properties is concerned,
continuum micromechanics provides a well established frame-
work. By now classical homogenization models are available for
the homogenization of elastic properties (e.g. Zaoui, 2002;
Dormieux et al., 2006), electrical conductivity (e.g. Hermance,
1979; Torquato, 1985), and, more recently, for diffusion properties
(Dormieux and Lemarchand, 2001, Lemarchand et al., 2003,
Pivonka et al., 2004, Scheiner et al., 2008) and elastic viscosities
(e.g. Friebel et al., 2006; Sanahuja, 2013).
In contrast, the determination of strength properties of hetero-
geneous materials, due to the nonlinear nature of the mechanical
principles that underly strength properties, still remains a chal-
lenge. Among the rare contributions, earlier methods for strength
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estimates for the dissipation at plastic collapse by employing the
lower and upper bound theorems of yield design (e.g. Melan,
1936; Salencon, 1990). By solving a yield design boundary value
problem, the strength capacity of various highly idealized compos-
ite materials, such as ﬁber reinforced composites (de Buhan and
Taliercio, 1991), and ﬂuid-saturated porous materials (de Buhan
and Dormieux, 1999) can be determined. An upscaling scheme
based on numerical limit analysis was presented in Fuessl et al.
(2008) for the determination of strength envelopes of porous mate-
rials, taking localized material failure into account. An alternative
approach was proposed and improved by Ponte Castaneda (1991,
1996, 2002), which is characterized by the use of optimally chosen,
so-called ‘‘linear comparison composites’’ (LCC) to deliver esti-
mates for the effective mechanical properties of porous and rigidly
reinforced composites, that are exact to second-order in the heter-
ogeneity contrast.
Barthelemy and Dormieux (2003, 2004) and Maghous et al.
(2009)) have proposed an analytical approach for the strength
homogenization of cohesive–frictional matrix materials with pores
or rigid inclusions. The main underlying idea of this approach is to
replace the corresponding limit analysis by a sequence of visco-
plastic problems. For the resulting homogenized properties at the
limit stress or strain state the modiﬁed secant method is used.
The model has been applied for the prediction of the macroscopic
strength of highly ﬁlled composite materials, such as cement-
based mortars, for which the friction coefﬁcient of the composite
is higher than that of the matrix (Lemarchand et al., 2002; Heuk-
amp, 2005). Alternatively, Pichler and Hellmich estimate the stiff-
ness and strength of cement paste through an elastic limit analysis,
since in particular for the cement paste, the elastic limit of hydrate
govern the overall elastic limits (Pichler et al., 2009; Pichler and
Hellmich, 2011).
More recently, Ortega et al. (2011) have developed a strength
homogenization method for cohesive–frictional materials affected
by the presence of porosity and rigid-like inclusions. Within the
framework of the yield design theory (Salencon, 1990) the linear
comparison composite approach (Ponte Castaneda, 2002; Lopez-
Pamies and Ponte Castaneda, 2004) has been extended from the
application of nonlinear hyper-elastic composites to elasto–plastic
matrix-inclusion composites, allowing consideration of the fric-
tional behavior of the matrix material in case that it may be repre-
sented by means of a Drucker–Prager-type strength criterion.
In this paper, the LCC method is adopted to investigate the
applicability of this approach for more general classes of heteroge-
neous materials such as cementitious or geological materials con-
sisting of different material phases, such as aggregates or pores. In
addition to an idealization as two-phase porous materials, charac-
terized by a solid matrix and pores either ﬁlled by air or by water,
also three phase composites, in which additional solid inclusions
are embedded within the solid matrix, are considered in the
homogenization approach. More speciﬁcally, the matrix phase is
considered as a cohesive–frictional material represented either
by a Drucker–Prager-type (hyperbolic) strength criterion or an
elliptical strength criterion, which predicts a strength limit also
in hydrostatic compression. In the case of solid (deformable) inclu-
sions, their strength characteristics are also assumed to be de-
scribed either by a Drucker–Prager-type or an elliptical strength
criterion, however, with different strength properties as compared
to the matrix.
The remainder of the paper is structured as follows: Section 2
recalls the theoretical background of the adopted LCC method. In
Section 3 a detailed description of the implementation of the LCC
methodology for matrix-inclusion composites is presented, fol-
lowed by the application to the above-mentioned combinations
of matrix-inclusion morphologies in Section 4. To this end, a novelefﬁcient algorithm is proposed to generate the homogenized
strength criterion in Section 4. The resulting macroscopic strength
envelopes obtained for selected scenarios for nonlinear composites
are validated in Section 5 by means of comparisons with experi-
mental results and with analytical estimations obtained from other
strength homogenization models.
2. Theoretical background
Within the framework of yield design theory (Salencon, 1990),
we adopt the strength homogenization method proposed by
Ortega et al. (2011) based on the application of the LCC theory
(Ponte Castaneda, 2002). In order to motivate the forthcoming
developments, we recall brieﬂy the elementary concepts of the
yield design theory and the LCC approach.
2.1. Upper bound theorem and yield design
The problem of strength homogenization of a composite mate-
rial composed of different material phases is framed within the
yield design theory, with the focus of determining the macroscopic
dissipation capacity through limit analysis. The lower bound theo-
rem based on statically and plastically compatible stress states
underestimates the actual dissipation capacity, whereas the upper
bound theorem associated with a kinematically compatible veloc-
ity ﬁeld satisfying the normality rule of plastic ﬂow overestimates
it. The upper bound theorem is generally preferred against to the
lower bound theorem, because the kinematically compatible
velocity ﬁeld is easier to ﬁnd than the statically admissible stress
ﬁeld (Ulm and Coussy, 2003, chap. 9).
We consider a composite material composed of different mate-
rial phases characterized by a smaller length scale as compared to
the scale of a representative elementary volume (REV) of the com-
posite. Considering the properties of the individual phases on the
grain size level (i.e. the scale of the individual inclusions, denoted
in the sequel as ‘‘micro-scale’’), the strength characteristics of a
material phase i within the composite is assumed to be character-
ized by an individual convex failure criterion expressed in terms of
the CAUCHY stress tensor r at the micro-scale:
F i½r 6 0 () r 2 Gi: ð1Þ
Gi denotes the convex domain of admissible microscopic stress
states. Accordingly, at plastic collapse the maximum dissipation
capacity of the material phase is deﬁned by the support function
pi of Gi
pi½d ¼ sup
r2Gi
r : df g; ð2Þ
where d½v is the strain rate corresponding to the velocity ﬁeld v ,
and ‘sup’ denotes the supremum, or least-upper bound, of the set
Gi. For a given value of d, the condition r : d ¼ pi½d deﬁnes a hyper-
plane H½d in the stress space, which is tangent to the boundary @Gi
of the admissible stress domain Gi at the stress point r, where d is
normal to @Gi (see Fig. 1). This is the so-called dual deﬁnition of the
strength domain Gi under the condition of associated plasticity
(Ulm and Coussy, 2003), i.e. Gi can be deﬁned either through the
failure criterion F i or the support function pi.
The main purpose of the yield design approach is the evaluation
of the macroscopic support function Phom, and the determination
of the macroscopic stress R at the boundary of the macroscopic
strength domain @Ghom. For a given macroscopic strain rate D,
which is the average of the microscopic strain rate d over the do-
main X occupied by the composite,
D ¼ d ¼ 1jXj
Z
X
ddX; ð3Þ
Fig. 1. Geometrical interpretation of the support function pi in the stress space
(based on Dormieux et al., 2006).
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equations
divr ¼ 0 ðXÞ;
r ¼ @pi ½d
@d ðXiÞ;
d ¼ 12 ðgradv þ grad
TvÞ ðXÞ;
v ½x ¼ D  x ð@XÞ;
8>><>>>: ð4Þ
where x is the position vector at the microscopic scale, Xi is the do-
main occupied by the material phase i and @X represents the
boundary of X.
According to the upper bound theorem, associated with kine-
matically admissible plastic failure mechanisms in situations of
associative plastic ﬂow, and by application of HILL’s Lemma which
links the microscopic dissipation function p with its counterpart
at the scale of the REV, the macroscopic dissipation function
Phom can be obtained as
Phom½D ¼ sup
R2Ghom
R : Df g ¼ inf
v 02V½D
p½d½v 0: ð5Þ
where R denotes a macroscopic stress tensor deﬁned as the average
over the REV:
R ¼ r ¼ 1jXj
Z
X
rdX; ð6Þ
Ghom is the macroscopic strength domain, V½D is the set of kinemat-
ically admissible microscopic velocity ﬁelds v 0½x, and ‘inf’ is the inf-
imum or the largest lower bound of V½D. Applying the dual
deﬁnition of the macroscopic strength domain Ghom, the macro-
scopic stress R at the boundary of Ghom is hence obtained from
the dissipation potential:
R ¼ @Phom½D
@D
: ð7Þ2.2. Linear comparison composite method
The main idea of the LCC method (Ponte Castaneda, 2002;
Lopez-Pamies and Ponte Castaneda, 2004) is to estimate the effec-
tive behavior of a nonlinear composite by means of an optimally
chosen ‘‘linear comparison‘‘ composite with a similar underlying
microstructure. For a linear elastic comparison composite, the
strain rate energy is a piecewise-constant function deﬁned as the
sum over all material phases i:
w½x; d ¼
X
i
v½xwi½d; with v½x ¼
1; if x 2 Xi;
0; if x R Xi;

ð8Þwhere wi is the strain energy density function of the i-th phase gi-
ven in terms of microscopic quantities, considering an initial stress:
wi½d ¼
1
2
d : Ci : dþ si : d ) r ¼ @wi½d
@d
¼ Ci : dþ si: ð9Þ
Herein, Ci is a positive-deﬁnite elasticity tensor and si stands for a
prestress in phase i. The macroscopic strain rate energy of the linear
comparison composite can be expressed as
W½D ¼ inf
v 02V½D
w½x;d½v 0: ð10Þ
Following Ponte Castaneda (2002), the fundamental inequality
infx f ½x þ g½xf gP infx f ½xf g þ infx g½xf g is applied by setting f ¼ p
and g ¼ w p:
inf
v 02V½D
w½x;d½v 0P inf
v 02V½D
p½x;d½v 0 þ inf
v 02V½D
w½x;d½v 0 p½x;d½v 0: ð11Þ
Considering the deﬁnitions in Eqs. (5) and (10), and relaxing the
constraint for v 0 at the kinematic boundary condition V½D the fol-
lowing relationship can be obtained
W½DP Phom½D þ inf
v 0
w½x;d½v 0  p½x;d½v 0
 
: ð12Þ
For composite materials Eq. (12) can be reformulated as
W½DP Phom½D 
X
i
ni Yi; ð13Þ
where ni is the volume fraction of phase i, and Yi is a phase-wise
constant function (Ortega et al., 2011) deﬁned as
Yi ¼ sup
d
pi½d  wi½df g: ð14Þ
Yi contains information on the (local) strength through the material
dissipation function pi, and on the degree of nonlinearity via the dif-
ference between the dissipation function related to (local) plastic
collapse and the elastic strain rate energy. Reformulation of Eq.
(13) leads to an upper bound of the macroscopic dissipation capac-
ity for the comparison composite material:
Phom½D 6 inf
Ci ; si
W½D þ
X
i
ni Yi
( )
: ð15Þ
Since a strict upper-bound status is difﬁcult to generate for some
applications (Ponte Castaneda, 2002), Eq. (15) is generalized by
replacing extremal points by stationary points
~Phom½D ¼ stat
Ci ; si
W½D þ
X
i
ni Yi
( )
: ð16Þ
The above ‘stat’ operation involves taking the derivatives of the
terms inside the curly brackets with respect to the arguments – in
the above case Ci and si, solving for the arguments as functions of
D, and substituting the result back inside the brackets to obtain a
function of D. Accordingly, the nonlinearity function Yi is re-deﬁned
as
Yi ¼ stat
d
pi½d  wi½df g: ð17Þ
In general the resulting estimates obtained from Eq. (16, 17) are
stationary variational estimates, and not bounds. Nevertheless, in
Eq. (17) because of the convexity hypothesis on pi and smooth-
ness hypothesis on wi, the nonlinearity function Yi is also convex,
resulting in no difference between extremal point and stationa-
rity point. Similarly, the same holds for Eq. (16) provided
smoothness hypothesis on W. For more details we refer to Ponte
Castaneda (2002).
262 M.-M. Zhou, G. Meschke / International Journal of Solids and Structures 51 (2014) 259–2733. LCC methodology for a two-phase matrix-inclusion
composite
We consider a two-phase composite characterized by a matrix-
inclusion morphology as shown in Fig. 2. The matrix is considered
as a cohesive–frictional solid. For the inclusions, different assump-
tions may be made, including air pores, pores ﬁlled with water,
inclusions made of cohesive–ﬁctional materials characterized by
different strength characteristics, and rigid inclusions. The volume
fraction of the inclusion phase is denoted as n and is known a pri-
ori. Furthermore, we assume that the strength criteria for both ma-
trix and inclusion phases, Fmat and F inc, are known. In order to
generate an estimate for the macroscopic strength criterion of
the composite F hom, a nonlinearity function for each material
phase based on stationary estimate of the difference between the
dissipation function and the strain rate energy according to Eq.
(17) must be established on the micro-level. Subsequently, at the
macro-scale, we add the contributions of the nonlinearity func-
tions Yi to the macroscopic strain rate energy W of a ‘‘linear-com-
parison’’ composite with a similar underlying microstructure. To
generate expressions of the strain rate energy established homog-
enization methods of continuum micro-mechanics will be used.
Having both ingredients established – Yi on the micro-scale and
W on the macro-level – the homogenized dissipation function
~Phom of the nonlinear composite, which is associated with the
macroscopic strength criterion, can be computed. In the following
subsections, the procedure for implementing this LCC methodol-
ogy is described in detail.
3.1. Micro-scale
3.1.1. Step 1: microscopic dissipation function
At the micro-scale, i.e. the scale of the individual material phase
i, the nonlinear behavior of each phase is characterized by a given
convex strength criterion
F i½r ¼ F i½rm; rd 6 0; ð18Þ
where rm and rd are the mean stress and the norm of the deviatoric
stress associated with the stress tensor r:
r ¼ rm 1þ s; with
rm ¼ tr r=3;
rd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs : sÞ=2p :

ð19Þ
Introducing the volumetric and deviatoric strain rate invariants dv
and dd deﬁned via
d ¼ 1
3
dv 1þ d; with
dv ¼ trd;
dd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðd : dÞ=2p

ð20Þ
and recalling the deﬁnition of the support function (2), the maxi-
mum dissipation capacity the material phase can afford is ex-
pressed as
pi½d ¼ sup
F i ½rm ;rd 0
rm
1
3
dv 1 : 1þ s : d
 
: ð21Þ
For a given value of s, the support function reaches a maximum
when d and s are parallel (Ulm and Coussy, 2003), namely
d ¼ ðdv=rdÞs. In this case, relation (21) takes the form:Fig. 2. Homogenization of a two-phase matrix-inclusion composite.pi½dv ; dd ¼ sup
F i ½rm ;rd 0
rm dv þ 2rd ddf g; ð22Þ
which depends only on the two invariants dv and dd of the strain
rate tensor d. On the other hand, for a given strain rate d, the sup-
port function reaches a maximum at the stress point rH where d is
normal to @Gi, i.e. d is parallel to @F i=@r½rH:
d ¼ _k @F i
@r
½rH; or dv ¼
_k @F i
@rm ½rH;
d ¼ _k @F i
@s ½rH;
(
ð23Þ
where _kP 0 is the plastic multiplier representing the intensity of
plastic ﬂow. The ﬂow rule (23) obeys the so-called normality rule,
i.e. an associated ﬂow rule (Dormieux et al., 2006), which provides
a one-to-one relation between the stress and the strain rates.
Applying the chain rule
@F i
@s
¼ @F i
@rd
@rd
@s
ð24Þ
and considering d and s are parallel to maximize s : d, Eq. (23)
becomes
dv ¼ _k @F i@rm ½rHm; rHd ;
dd ¼ 12 _k @F i@rd ½r
H
m; rHd ;
(
ð25Þ
where rHm and rHd are the stress invariants corresponding to the fail-
ure state. Solving simultaneously the failure criterion (18) and the
normality rule (25) delivers the plastic multiplier _k and the stress
invariants rHm and rHd as functions of the strain rate invariants dv
and dd. Thus, the microscopic dissipation function (22) can be ex-
pressed as
pi½dv ; dd ¼ rHm dv þ 2rHd dd: ð26Þ
which becomes a unique function of the plastic strain rate invari-
ants dv and dd considering the failure criterion and the normality
rule.
3.1.2. Step 2: microscopic strain rate energy
At the level of the microstructure, a linear comparison solid is
deﬁned in the framework of linear thermo-elasticity, characterized
by the bulk modulus ki, shear modulus gi, and the prestress si of
the material phase i. The microscopic strain rate energy (9) at the
level of the individual phase can be re-written in the format
wi½dv ; dd; ki; gi; si ¼
1
2
ki d
2
v þ 2gi d2d þ si dv : ð27Þ
For different types of materials, the phase-wise elastic moduli and
the prestress, respectively, are summarized below
Solid : ki – 0; gi – 0; si – 0;
Voids : ki ¼ 0; gi ¼ 0; si ¼ 0;
Rigid : ki ! 1; gi ! 1; si ¼ 0;
Compressible fluid : ki – 0; gi ¼ 0; si – 0:
8>><>>: ð28Þ3.1.3. Step 3: nonlinearity function
According to the LCC method, the nonlinearity function Yi (17)
corresponding to material phase i is deﬁned as
Yi½ki; gi; si ¼ stat
dv ; dd
pi½dv ; dd  wi½dv ; dd; ki; gi; sif g: ð29Þ
The above stationary condition is solved by setting the partial deriv-
atives with respect to the strain rate invariants equal to zero, i.e.
@ pi½dv ; dd  wi½dv ; dd; ki; gi; sið Þ
@dv
¼ 0;
@ pi½dv ; dd  wi½dv ; dd; ki; gi; sið Þ
@dd
¼ 0:
8><>>: ð30Þ
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values of the strain rate invariants dHv and d
H
d as functions of the
material moduli ki; gi and the prestress si. Consequently, the micro-
scopic material nonlinearity function is formulated as
Yi½ki; gi; si ¼ pi½dHv ; dHd   wi½dHv ; dHd ; ki; gi; si: ð31Þ3.1.4. Strength criteria at the scale of the material phases
We now focus on composite materials, for which the matrix
phase as well as inclusions are characterized by a cohesive–fric-
tional material behavior. More speciﬁcally, two classes of failure
criteria suitable for cohesive–frictional materials are considered:
A Drucker–Prager-type strength criterion, formulated here as a
regularized hyperbolic criterion, and an elliptic strength criterion,
which predicts a strength limit also in hydrostatic compression.
It should be mentioned that in order to achieve nontrivial solutions
for the equation set (18, 25), the above derivation procedure (see
Sections 3.1.1, 3.1.2, 3.1.3) applies only for the case of convex
strength domain Gi deﬁned by the convex strength criterion F i.
Therefore, the Drucker–Prager strength criterion has to be regular-
ized ﬁrst to convex function before applying the derivation. Mean-
while, for inclusion phases whose strength criteria can not be
regularized to convex functions, e.g. pore voids, rigid inclusions
and ﬂuid-ﬁlled pores, their nonlinearity functions are set to zero
following Ortega et al. (2011). The derived dissipation and nonlin-
earity functions for the Drucker–Prager-type and elliptic strength
criteria are summarized below. It is worth to notice that for the
above-mentioned special inclusion phases, their nonlinearity
functions can be retrieved as zero by evaluating the corresponding
limiting cases of the nonlinearity functions for the following
Drucker–Prager-type and elliptic criteria.
Regularized Drucker–Prager (hyperbolic) criterion. The classical (lin-
ear) Drucker–Prager criterion for the i-th material phase is ex-
pressed in terms of rd and rm
F i½rm; rd ¼ rd þMi ðrm  SiÞ 6 0; ð32Þ
with the parameters Si and Mi denoting the hydrostatic tensile
strength and the frictional coefﬁcient related to the friction angle
hi by Mi ¼ tan hi, respectively (see Fig. 3(a)). Eq. (32) is re-formu-
lated as a hyperbolic strength criterion using the regularization
parameter a:
F i½rm; rd  1 ðrm  SiÞ
2
a
þ r
2
d
aM2i
6 0 ð0 < a 1Þ: ð33Þ
For a ! 0 the linear Drucker–Prager criterion is retrieved. The dis-
sipation and the nonlinearity functions for the i-th phase are ob-
tained in the form(a) (
Fig. 3. Strength criteria of material phase i: (a) regularized hyperbolipi½dv ; dd ¼ Si dv 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a ðd2v  4M2i d2dÞ
q
;
Yi½ki; gi; si ¼
M2i a ðgi þ kiM2i Þ þ gi ðSi  siÞ2
 
2gi ðgi þ kiM2i Þ
: ð34Þ
Following Ortega et al. (2011), for the linear comparison composite,
the elastic moduli are linked explicitly since ki=gi is constant. In the
Drucker–Prager case, this relation can be formulated as
ki
gi
¼ 1
M2i
¼ constant; ð35Þ
resulting in
Yi½gi; si ¼
M2i 2aþ ðSi  siÞ2
 
4gi
: ð36Þ
Elliptical strength criterion. This criterion has the format
F i½rm; rd ¼ ðrm þ SiÞ
2
Ai
þ r
2
d
Bi
 1 6 0: ð37Þ
An illustration of the parameters A;B and S is shown in Fig. 3(b). The
dissipation and the nonlinearity functions are obtained as
pi½dv ; dd ¼ Si dv þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ai d
2
v þ 4Bi d2d
q
;
Yi½ki; gi; si ¼
Bi Ai gi  Bi ki  gi ðSi þ siÞ2
 
2gi ðAi gi  Bi kiÞ
: ð38Þ3.2. Macro-scale
3.2.1. Macroscopic strain rate energy
At the macro-scale, the macroscopic strain rate energy WðDÞ of
the ﬁctitious linear comparison composite needs to be computed.
The composite is assumed to be composed of a matrix material
having solid inclusions. To this end, homogenization concepts of
continuum micromechanics (Zaoui, 2002; Ortega et al., 2011) are
adopted. Considering a continuous description of the microscopic
stress ﬁeld within a matrix-inclusion composite X:
r½x ¼ C½x : d½x þ s½x 8x 2 X; ð39Þ
the elastic modulus C½x and the prestress s½x are speciﬁed sepa-
rately for the matrix and the inclusions, respectively:
C½x ¼ Cmat ¼ 3kmat Jþ 2gmatK ðXmatÞ;
Cinc ¼ 3kinc Jþ 2gincK ðXincÞ;

ð40Þ
s½x ¼ smat ¼ smat 1 ðXmatÞ;
sinc ¼ sinc 1 ðXincÞ:

ð41Þb)
c Drucker–Prager criterion with a ¼ 108; (b) elliptical criterion.
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and inclusion space, respectively; 1 and I are the second- and
fourth-order identity tensors; Jijkl ¼ 13 dij dkl and K ¼ I J are tensor
projections. According to continuum micromechanics, the corre-
sponding macroscopic stress–strain relation is obtained from
homogenization as:
R ¼ Chom : Dþ Thom; ð42Þ
where Chom and Thom are, the homogenized (macroscopic) elastic
moduli and prestress, respectively. Applying the Mori–Tanaka
scheme (Li and Wang, 2008) for the case of perfect adherence be-
tween the matrix-inclusion interfaces, the macroscopic elastic mod-
uli and the prestress Chom and Thom in Eq. (42) can be estimated
through
Chom ¼ ð1 nÞCmat : Amat þ nCinc : Aincð Þ : ð1 nÞAmat þ nAincð Þ1; ð43Þ
Thom ¼ ð1 nÞsmat : Amat þ nsinc : Aincð Þ : ð1 nÞAmat þ nAincð Þ1; ð44Þ
where Ai is a fourth-order concentration tensor for the respective
material phase i. Assuming spherical inclusions and inserting the
respective concentration tensor for this case (see Zaoui, 2002) into
Eqs. (43) and (44), the macroscopic elastic stiffness tensor and the
prestress tensor are obtained as
Chom ¼ 3Khom Jþ 2GhomK ¼ 3gmatKJþ 2gmat GK; ð45Þ
Thom ¼ Thom 1 ¼ T 1 nsinc þ T 2 ð1 nÞsmatð Þ1: ð46Þ
The inclusion morphology factorsK;G; T 1 and T 2 can be speciﬁed as
functions of the porosity n and the ratio of the shear moduli of the
inclusion and the matrix:
K ¼ 4M
2
inc ð1 nÞ þ ð3þ 4M2mat nÞrg
ð3nþ 4M2matÞM2inc þ 3M2mat ð1 nÞ rg
; ð47Þ
G ¼ ð9þ 8M
2
matÞ ð1 nþ nrgÞ þ ð6þ 12M2matÞrg
9þ 8M2mat þ ð6þ 12M2matÞ ðnþ ð1 nÞrgÞ
; ð48Þ
T 1 ¼ 4þ 3=M
2
mat
4þ 3n=M2mat þ 3 ð1 nÞrg=M2inc
; ð49Þ
T 2 ¼ 4þ 3rg=M
2
inc
4þ 3=M2mat
; ð50Þ
with
rg ¼ gincgmat
¼ constant: ð51Þ
For a given composite, the porosity n and the shear ratio rg are
known.
Continuum micromechanics for poroelastic materials also pro-
vides the macroscopic strain rate energy function of the two-phase
composite in the form
Whom½D ¼ 12 D : Chom : Dþ Thom : D
ðsmat  sincÞ2
2N
; ð52Þ
with
N ¼ kmat
b n ; b ¼ 1
Khom
kmat
; ð53Þ
where b and N are the Biot coefﬁcient and the Biot modulus, respec-
tively. The last term on the right hand side of Eq. (52) is derived
from the prestress difference of the matrix-inclusion interface; for
details we refer to Dormieux et al. (2006).
Denoting Dv ¼ trðDÞ and Dd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðD : DÞ=2p as the macroscopic
strain rate invariants with D ¼ D ðDv=3Þ1, inserting Eqs. (45),(46) and (53) into (52) leads to the macroscopic strain rate energy
density:
Whom½Dv ;Dd;gmat;smat;sinc¼gmat
1
2
KD2vþ2GD2d
 
þT 1 nsincþT 2 ð1nÞsmatð ÞDv
þ M2matKð1nÞ
 
M2mat
ðsincsmatÞ2
2gmat
: ð54Þ3.2.2. Macroscopic dissipation function
Employing the generated expressions for the nonlinearity func-
tion (31) and the strain rate energy (54), the next step consists in
evaluating the stationary condition (16) for the homogenized dis-
sipation function of the matrix-inclusion composite:
~Phom½Dv ; Dd ¼ stat
gmat ; smat ; sinc
P^hom½Dv ; Dd; gmat; smat; sinc
n o
¼ stat
gmat ; smat ; sinc
Whom½Dv ; Dd; gmat; smat; sincf
þð1 nÞYmat½gmat; smat þ nY inc½gmat; sincg: ð55Þ
The stationarity condition (55) implies solving simultaneously
the following set of equations:
@P^hom
@gmat
¼ 0; @P^hom
@smat
¼ 0 and @P^hom
@sinc
¼ 0; ð56Þ
to determine the optimal modulus and prestress parameters
gHmat; sHmat and sHinc as functions of the macroscopic strain rate invari-
ants Dv and Dd. Finally, the macroscopic dissipation function ~Phom is
obtained in the form
~Phom½Dv ; Dd ¼ P^hom½Dv ; Dd; gHmat; sHmat; sHinc: ð57Þ3.2.3. Macroscopic strength criterion
Having the macroscopic dissipation function (57) speciﬁed for
the given strength criteria for the matrix and the inclusions, the
macroscopic bounding stresses providing the strength criterion
for the two-phase composite can be determined by selecting one
of the following approaches according to the speciﬁed form of
~Phom.
Case-1 If the speciﬁed form of the macroscopic dissipation function
~Phom can be expressed by the homogeneous function of degree 1
given by:
~Phom½Dv ; Dd ¼ SDv 	
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AD2v þ 4BD2d
q
; ð58Þ
the standard approach can be used. It determines the macroscopic
strength criterion by means of taking the derivative of the homog-
enized dissipation function with respect to the strain rates accord-
ing to Eq. (7):
Rm½Dv ; Dd ¼ @ ~Phom ½Dv ;Dd @Dv ;
Rd½Dv ; Dd ¼ 12 @
~Phom ½Dv ;Dd 
@Dd
;
8<: ð59Þ
where Rm ¼ trðRÞ=3 and Rd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðS : SÞ=2p are the macroscopic stress
invariants with S ¼ R Rm 1. Accordingly, the macroscopic stress
invariants can be obtained as functions of volumetric and deviatoric
strain rate invariants in the form:
Rm ¼ S	 ADvﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AD2vþ4 B D2d
p ;
Rd ¼ 	 2 B Ddﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AD2vþ4 BD2d
p ;
8><>: ð60Þ
which allows to set up a relationship between Rm and Rd analyti-
cally by eliminating the dependence on Dv and Dd. This relationship
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format:
F hom½Rm; Rd ¼ 	 ðRm  SÞ
2
A
þ R
2
d
B
 !
 1 ¼ 0: ð61Þ
Case-2. If the speciﬁed form of the macroscopic dissipation function
~Phom can be expressed by the homogeneous function of degree 1,
yet possessing not necessarily the same format as in (58), we pro-
pose a new approach in this paper to generate the homogenized
strength criterion F hom. Assuming proportional loading allows to
adopt a linear relation between the macroscopic strain rate invari-
ants Dd ¼ rDv . Setting the general form of the macroscopic dissipa-
tion function deﬁned as
~Phom ¼ RmDv þ 2Rd Dd ð62Þ
and its speciﬁed polynomial form ~Phom equal, leads to
~Phom½Dv ; r ¼ ~Phom½Dv ; r: ð63Þ
Since Dv and Dd are of the same order in both expressions of ~Phom
and ~Phom, the dependence of Dv in (63) is hence eliminated. As a re-
sult, solving Eq. (63) leads to two solutions r1 and r2 for the factor r,
as functions of Rm and Rd. For associated plastic ﬂow the dissipation
function is a unique function of the strain rate at the failure state
(Ulm and Coussy, 2003). In other words, when F ¼ 0, the strain rate
tensor is unique, i.e., only one solution for r is allowed. This is equiv-
alent to the condition:
r1½Rm; Rd ¼ r2½Rm; Rd: ð64Þ
Accordingly, the homogenized strength criterion F hom can be gener-
ated from
F hom½Rm; Rd ¼ r1½Rm; Rd  r2½Rm; Rd ¼ 0; ð65Þ
which provides a relationship between Rm and Rd at the failure
state. This approach works more efﬁciently and robustly, and would
lead to the same result as in the standard approach according to
Case 1 for macroscopic dissipation functions possessing the format
of (58).
Case-3 If the speciﬁed form of the macroscopic dissipation function
~Phom cannot be expressed by an equivalent polynomial function of
degree-1 in terms of Dv and Dd, a more general approach is pre-
sented. It derives ﬁrst the macroscopic strain invariants Dv and Dd
as functions of the macroscopic stress invariants Rm and Rd by solv-
ing simultaneously the equation set (59), and then generates the
homogenized strength criterion F hom via
F hom½Rm; Rd ¼ ~Phom  ~Phom ¼ 0: ð66Þ
However, due to the complex dependencies of Dv and Dd on Rm and
Rd according to Eq. (60), the generated form of the homogenized
strength criterion F hom would be rather complicated.
4. Application to selected matrix-inclusion morphologies
In this section, the LCC method is applied for strength homoge-
nization of matrix-inclusion composites characterized by various
combinations of matrix and inclusion materials. The matrix phase
can be a solid which may either be described by a Drucker–Prager
(DP) or an elliptical (EL) strength criterion, while the inclusion
phase can be either pore voids, pores ﬁlled with ﬂuid, rigid inclu-
sions, or inclusions made of a cohesive frictional material which
also may be described by either a Drucker–Prager (DP) or an ellip-
tical (EL) strength criterion, however with different strength
parameters as compared to the matrix material.
For the solid matrix phase, the strength criteria for both cases
are summarized below (see also Eqs. (33) and (37) in Section 3):FDPmat½rm; rd ¼ 1 ðrmSmatÞ
2
a þ
r2
d
aM2mat
6 0 ða! 0Þ;
F ELmat½rm; rd ¼ ðrmþSmatÞ
2
Amat
þ r2d
Amat M2mat
 1 6 0:
8><>: ð67Þ
Note, that for simplicity, the relation Bmat ¼ AmatM2mat will be used in
the sequel for the elliptical strength criterion since both Amat and
Bmat are positive (see Fig. 3(b)). To establish the macroscopic strain
rate energy of the linear comparision solid (see Section 3.2.1) the
Mori–Tanaka scheme (Li and Wang, 2008), assuming perfect adher-
ence between the matrix-inclusion interfaces, will be applied.
4.1. Solid matrix with pore voids
As a ﬁrst application the macroscopic strength behavior of a
two-phase composite formed by a solid frictional matrix material
and pore voids, is established. For the matrix material, two
strength criteria are investigated: a hyperbolic (Drucker–Prager-
type) and an elliptical strength criterion. This composite material
represents the typical situation of an unsaturated quasi-brittle por-
ous material.
As summarized in Eq. (28), the spatial distribution of the elastic
stiffness and the prestress for this composite can be described as
follows:
Cmat ¼ 3kmat Jþ 2gmatK; smat ¼ smat1 ðXmatÞ;
Cinc ¼ 0; sinc ¼ 0 ðXincÞ;

ð68Þ
Hence, the ratio of the shear moduli of the inclusion and the matrix
is obtained as rg ¼ ginc=gmat ¼ 0. Since the pore voids have no
strength capacity, the corresponding nonlinearity function for the
pore domain equals to zero (Y inc ¼ 0). Following the procedure out-
lined in Section 3 and skipping intermediate results yields the esti-
mate for the macroscopic strength criterion of the composite for
both cases as
F hom½Rm; Rd ¼ 1þ ðRm þ ShomÞ
2
Ahom
þ R
2
d
Bhom
¼ 0; ð69Þ
with
ADPhom ¼ KM2mat ð1nÞ
2
1n2KM2mat
a S2mat 1nKM
2
mat
1n2KM2mat
 
BDPhom ¼ GM2mat ð1 nÞ a S2mat 1nKM
2
mat
1n2KM2mat
 
SDPhom ¼ KM2matSmat 1n1n2KM2mat
8>>><>>: ð70Þ
for the case of a Drucker–Prager type strength criterion and
AELhom ¼ KM2mat ð1 nÞAmat  ð1 nKM2matÞS2mat
 
BELhom ¼ GM2mat ð1 nÞAmat  ð1 nKM2matÞS2mat
 
SELhom ¼ KM2matSmat
8>><>>: ð71Þ
for the case of an elliptical type strength criterion for the matrix
material.
The graphical interpretation of the macroscopic strength crite-
ria in the meridional plane obtained for both cases is shown in
Fig. 4. When the porosity is approaching zero, the composite is
mainly composed of the matrix phase. Therefore, as expected,
the predicted macroscopic strength criterion of the composite ap-
proaches the strength criterion of the matrix phase. With increas-
ing porosity, the strength domain shrinks and eventually converges
to a point at the origin, i.e. the strength criterion of pore voids,
when the porosity approaches one.
It is interesting to note, that for the case of Drucker–Prager type
solid matrix, with increasing porosity, the macroscopic strength
criterion transforms from a hyperbolic to an elliptical criterion
when a critical value of porosity ncrit is passed (Fig. 4). From the
(a) (b)
Fig. 4. Estimate of the macroscopic strength criteria of a two-phase composite formed by a solid matrix and pore voids for different porosities (n ¼ 0:1;0:5;0:9). The matrix
material is characterized by (a) a Drucker—Prager type strength criterion and (b) an elliptical strength criterion.
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Bhom=Ahom from negative to positive with increasing porosity (see
Fig. 5(a)). By setting Bhom=Ahom ¼ 0, the critical porosity is evalu-
ated asncrit ¼ 43 M
2
mat 2 ½0;1: ð72Þwhich means for Mmat >
ﬃﬃﬃ
3
p
=2 the macroscopic strength criterion
will always be a hyperbolic or Drucker–Prager type criterion.
In the case of an elliptical criterion used for the matrix, the char-
acteristics of the macroscopic strength criterion does not change
since the sign of Bhom=Ahom is always positive. Fig. 5(b)–(d) shows
the inﬂuences of the porosity n on the predicted effective macro-
scopic friction coefﬁcient Mhom ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bhom=Ahomj j
p
, the cohesion
Chom, and the compressive hydrostatic strength limit ~Rm for a given
matrix friction coefﬁcientMmat ¼ 0:5 for both Drucker–Prager-type
(DP) and elliptical (EL) strength criteria for the matrix.Fig. 5. Inﬂuence of porosity n on the predicted (a) ratio of Bhom over Ahom, (b) friction coefﬁ
porous solid material whose matrix material is characterized by a Drucker—Prager-type4.2. Solid matrix with ﬂuid-ﬁlled pores
The second application of the strength up-scaling procedure is
concerned with the generation of the macroscopic strength behav-
ior of a two-phase composite formed by a solid matrix, character-
ized by either a hyperbolic or elliptical strength criterion, and
pores completely ﬁlled with a pore ﬂuid. This is the typical situa-
tion of a fully saturated porous material. The spatial distribution
of the stiffness and the prestress for this composite can be de-
scribed as follows:
Cmat ¼ 3kmat Jþ 2gmatK; smat ¼ smat1 ðXmatÞ;
Cinc ¼ 3kinc J; sinc ¼ sinc 1 ðXincÞ;

ð73Þ
Since the ﬂuid phase has no shear strength, the shear modulus ratio
(51) becomes zero: rg ¼ 0. As explained in Section 3.1.4 the corre-
sponding nonlinearity function for the ﬂuid inclusion domain also
equals zero: Y inc ¼ 0. Following again the procedure outlined in Sec-
tion 3, omitting intermediate results, the following estimates for the
macroscopic strength criterion of the composite are obtained for the
two cases:cientMhom, (c) cohesion Chom, and (d) compressive hydrostatic strength limit ~Rm of a
(DP) and an elliptical (EL) strength criterion with Mmat ¼ 0:5.
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2
Ahom
þ R
2
d
Bhom
¼ 0; ð74Þ
with
ADPhom ¼ a 1nKM
2
mat ð1þn2Þ
1nKM2mat
BDPhom ¼ aGM2mat ð1 nÞ
SDPhom ¼ Smat
8><>: ð75Þ
for a Drucker–Prager type solid matrix and
AELhom ¼ Amat ð1n ðKM
2
mat ð1þnÞ1ÞÞ
1nKM2mat
BELhom ¼ Amat GM2mat ð1 nÞ
SELhom ¼ Smat
8>><>: ð76Þ
for the case of an elliptical type strength criterion for the solid
matrix.
Fig. 6 illustrates the generated macroscopic strength criteria for
both cases for different porosities. In contrast to the previously
investigated unsaturated case (matrix with air voids), the homog-
enized strength criterion always adopts the characteristics of the
matrix material i.e. it always has Drucker—Prager characteristics
for the case shown in Fig. 6(a) and it always has elliptic character-
istics for the case shown in Fig. 6(b). When the porosity is
approaching zero, in both cases the predicted macroscopic strength
criterion of the composite approaches to the strength criterion of
the matrix phase. With increasing porosity, the strength domain
shrinks, predicting a decreasing friction coefﬁcient of the compos-
ite and eventually converges to the horizontal axis (Rd ¼ 0), corre-
sponding to the strength criterion of the ﬂuid phase, when the
porosity approaches one.(a) (
Fig. 6. Estimate of the macroscopic strength criteria of a two-phase composite formed b
The matrix material is characterized by (a) a Drucker—Prager type strength criterion an
(a) (b
Fig. 7. Inﬂuence of porosity n on the predicted (a) friction coefﬁcient Mhom, and (b) coh
Drucker–Prager type (DP) and an elliptical (EL) strength criterion and pores ﬁlled withFig. 7 shows the inﬂuences of porosity n on the predicted mac-
roscopic friction coefﬁcient and cohesion for the two matrix cases.
4.3. Solid matrix with rigid inclusions
In the third case the strength behavior of a two-phase compos-
ite formed by a solid matrix, characterized by either hyperbolic or
elliptical strength criterion, with rigid inclusions is established. The
phase-wise distribution of the stiffness and prestress is given as:
Cmat ¼ 3kmat Jþ 2gmatK; smat ¼ smat1 ðXmatÞ;
Cinc !1; sinc ¼ 0 ðXincÞ;

ð77Þ
In this case, the shear modulus ratio (51) rg !1 and the nonlinear-
ity function of the rigid inclusion phase is considered as zero
(Y inc ¼ 0). For a matrix with rigid inclusions the expression for the
macroscopic prestress (46) adopting the Mori–Tanaka scheme
yields
Thom ¼ T 1 T 2 ð1 nÞsmat; ð78Þ
where the inclusion morphology factors T 1 and T 2 have been de-
rived earlier in Eq. (47). The LCC scheme provides an estimate for
the macroscopic strength criterion of the composite in the format
F hom½Rm; Rd ¼ 1þ ðRm þ ShomÞ
2
Ahom
þ R
2
d
Bhom
¼ 0; ð79Þ
with
ADPhom ¼ KM2mat ð1nÞ
2
ð1n2KM2matÞ
a 1nKM2mat
1n2KM2mat
S2mat
 
BDPhom ¼ GM2mat ð1 nÞ a 1nKM
2
mat
1n2KM2mat
S2mat
 
SDPhom ¼ KM2mat Smat ð1nÞ1n2KM2mat
8>>><>>: ð80Þb)
y a solid matrix and pores ﬁlled with ﬂuid for different porosities (n ¼ 0:1;0:5;0:9).
d (b) an elliptical strength criterion.
)
esion Chom of a two-phase composite formed by a solid matrix characterized by a
ﬂuid.
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AELhom ¼ KM2mat ð1KM2matÞS2mat  Amat ð1 nÞ
 
BELhom ¼ GM2mat ð1KM2matÞS2mat  Amat ð1 nÞ
 
SELhom ¼ KM2mat Smat
8>><>>: ð81Þ
for the case of an elliptical strength characteristics of the solidmatrix.
The macroscopic strength criteria obtained from the proposed
upscaling approach for different values of the volume fraction n
of the rigid inclusions are shown in Fig. 8 for both the Drucker–
Prager (Fig. 8(a)) and the elliptical criterion (Fig. 8(b)) assumed
for the matrix material. When n approaches zero, the composite
is mainly composed of the matrix phase and the predicted macro-
scopic strength criterion of the composite approaches to the
strength criterion of the matrix phase. With increasing volume
fraction n, the macroscopic strength domain expands due to the
reinforcement with rigid inclusions. Eventually, when n! 1 the
strength estimate predicts an inﬁnite macroscopic friction coefﬁ-
cient, which is in accordance with a purely a rigid material. Fig. 8
illustrates the collapse of the two branches in the meridional plane
of the regularized hyperbolic Drucker–Prager strength envelope
and the elliptical shape of the macroscopic strength envelope,
respectively, to a line collinear with the Rd-axis the when n! 1.
Note, that in both cases the friction coefﬁcient increases faster with
increasing volume fraction of inclusions n compared to the cohe-
sion. Although ﬁnally the correct inﬁnite asymptotic strength is
predicted as n! 1 for compressive states of stresses, the tensile
strength decreases with increasing volume fraction of rigid inclu-
sions. This counter-intuitive artifact of the LCC-based up-scaling
procedure results from the assumption of zero prestress for the
inclusion phase (sinc ¼ 0). As will be shown in the next Subsection,
this assumption is identical to the assumption of inﬁnite friction
coefﬁcient Minc and zero cohesion cinc. This artifact can be elimi-
nated by assuming a strength criterion for the inclusions with inﬁ-
nite friction coefﬁcient as well as inﬁnite cohesion (see
Section 4.4). However, such an inﬁnite prestress for the inclusionADPhom ¼ M2incM2mat ngðSinc  SmatÞ2 Q1KM
4
matrg
Q2
 aQ1rg
 
ðð2 ðnþ gT 2Þ2 ðQ1
BDPhom ¼ G aQ1 rg M2incM2mat ng Q1KM
4
mat rg
Q2
ðSinc  SmatÞ2
 
SDPhom ¼ T 1 ðSinc ðnþ gT 2Þ 3M2incM2mat ng rg  Q2
 
 n ðSinc þ 2SmatÞ þð
8>><>>>:
(a) (
Fig. 8. Estimate of the macroscopic strength criteria of a two-phase composite formed b
(n ¼ 0:1;0:5;0:9). The matrix material is characterized by (a) a Drucker–Prager type strephase is mathematically restricted during the implementation of
the LCC methodology, as it will lead to an inﬁnite value of Whom
in Eq. (54) and all subsequent steps will fail. We will try to regular-
ize this singularity in the next paper.
4.4. Solid matrix with solid inclusions
As a ﬁnal application, the strength criterion of a two-phase
composite, characterized by different quasi-frictional materials
for the matrix and the solid inclusions, respectively, is established.
Two cases are investigated: One scenario assumes that the matrix
and the solid inclusions can be described by a Drucker–Prager type
strength criterion, and another case assumes that the strength
behavior of both matrix and inclusions can be represented by an
elliptical strength criterion. For this case, the phase-wise distribu-
tion of elastic stiffness and prestress is formulated as
Cmat ¼ 3kmat Jþ 2gmatK; smat ¼ smat1 ðXmatÞ;
Cinc ¼ 3kinc Jþ 2gincK; sinc ¼ sinc 1 ðXincÞ:

ð82Þ
In this case the shear modulus ratio rg ¼ ginc=gmat – 0. The Drucker–
Prager type and the elliptical strength envelopes for the solid inclu-
sions are given as
FDPinc½rm; rd ¼ 1 ðrmSincÞ
2
a þ
r2
d
aM2inc
6 0
F ELinc½rm; rd ¼ ðrmþSincÞ
2
Ainc
þ r2d
Ainc M
2
inc
 1 6 0
8><>: ; ð83Þ
where, similar to the matrix phase in Eq. (67), the relation
Binc ¼ AincM2inc is adopted for the elliptical criterion used for the
inclusion. Applying the LCC-based upscaling method, again admit-
ting details, the macroscopic strength criterion of the composite is
obtained for the two cases in the form
F hom½Rm; Rd ¼ 1þ ðRm þ ShomÞ
2
Ahom
þ R
2
d
Bhom
¼ 0; ð84Þ
withKM4mat rgÞ  ng ðnrg M2mat þ gM2incT 22ÞÞ 2 T
2
1 rg
Q2
KÞ
g ð2Sinc þ SmatÞT 2ÞM2incM2mat ngrg Þ=Q2
ð85Þ
b)
y a solid matrix and rigid inclusions for different volume fractions of the inclusions
ngth criterion and (b) an elliptical strength criterion.
Table 1
Strength properties of the material phases involved in Fig. 9.
Parameters DP-DP EL-EL Units
Amat ða ¼ 108Þ 150 MPa
Ainc ða ¼ 108Þ 50 MPa
Mmat 0:7 0:7 –
Minc 0:3 0:3 –
Smat 8 8 MPa
Sinc 0 8 MPa
rg ðMinc=MmatÞ2 ðMinc=MmatÞ2 –
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lid matrix and the inclusions, and
AELhom ¼ KððgAmat  ðgKM2matÞ ðSinc  SmatÞ2ÞM2mat rg þ AincM2inc nÞ=rg
BELhom ¼ G ðgAmat  gKM2mat
 
ðSinc  SmatÞ2
 
M2mat rg þ AincM2inc nÞ=rg
SELhom ¼ T 1 nSinc þ gSmat T 2ð Þ
8><>:
ð86Þ
for adopting an elliptical strength criterion for the solid matrix and
the inclusions, respectively, where
Q1 ¼ nM2inc þ gM2mat rg ;
Q2 ¼ 2Q1 ðQ1 KM4mat rgÞ  ngM2incM2mat rg ;
g ¼ 1 n:
8><>: ð87Þ
The resulting macroscopic strength envelopes are shown in
Fig. 9 for different volume fractions of the solid inclusions for both
cases. In the present example, it is assumed that the strength prop-
erties (cohesion and friction angle) of the inclusions is smaller than
the strength of the matrix material. The material parameters used
for matrix and the inclusions are summarized in Table 1.
When the volume fraction n of the inclusions approaches zero,
the predicted macroscopic strength criterion of the composite
degenerates to the strength criterion of the matrix phase. With
increasing n, the strength domain changes gradually and converges
eventually to the strength envelope of the inclusion phase as
n! 1.
It is worth noting that the case of pore void inclusions (Sec-
tion 4.1) can be retrieved alternatively as the limit case of an ellip-
tical type criterion for solid inclusions setting Ainc; Binc ! 0 and
Sinc; sinc ¼ 0; the case of pore ﬂuid inclusion (Section 4.2) can be re-
trieved from the case of Drucker–Prager type solid inclusion for
Minc ! 0 and cinc ¼ 0; while the result obtained for rigid inclusions
(Section 4.3) can be retrieved as a Drucker–Prager type solid inclu-
sion for Minc !1 and cinc ¼ 0.
Setting cinc ¼ 0, however, leads to the counterintuitive result
discussed in Section 4.3, that the strength envelope would shrink
in the tensile regime for increasing volume fraction of rigid inclu-
sions. Obviously, for rigid inclusions, the cohesion of the inclusions
should be set to inﬁnity, cinc !1. In this case, in contrast to the re-
sults in Section 4.3, the strength of the composite provides physi-
cally correct asymptotic values (reaching inﬁnity) both in
compression and in tension when the volume fraction of rigid
inclusions approaches to one (n! 1).(a) (
Fig. 9. Estimate of the macroscopic strength criteria of a two-phase composite formed b
(n ¼ 0:1;0:5;0:9). The matrix as well as the inclusions are characterized by (a) a Drucke5. Validation
In this section, we validate the predicted results of strength
homogenization for selected scenarios of composite materials pre-
sented in the previous section.
5.1. Cohesive–frictional (Drucker–Prager) matrix with pore voids
For the validation of the macroscopic strength criterion pre-
dicted by the LCC method for a matrix material, characterized by
a Drucker–Prager strength criterion, intermixed with pore voids,
the hydrostatic strength limits R	m in compression and traction
are compared, with the analytical results obtained from the 1D
hollow sphere thought model, which provides reasonable strength
estimates of an isotropic material based on equilibrium and resis-
tance considerations (see details in Dormieux et al. (2006)), and
with the homogenization results obtained by Maghous et al.
(2009) based upon the modiﬁed secant method (see Section 1).
According to the predicted macroscopic strength criterion from
the LCC approach (69) the limit hydrostatic strengths in compres-
sion and in tension are obtained as functions of the porosity n:
~Rm ¼ Smat
Mmat ð1 nÞ
Mmat 
ﬃﬃﬃﬃﬃﬃ
3
4 n
q ; ~Rþm ¼ Smat Mmat ð1 nÞ
Mmat 
ﬃﬃﬃﬃﬃﬃ
3
4 n
q : ð88Þ
In comparison, Maghous et al. (2009) have obtained the follow-
ing results:
~Rm ¼ Smat
Mmat ð1 nÞ
Mmat 
ﬃﬃﬃﬃﬃﬃ
3
2 n
q ; ~Rþm ¼ Smat Mmat ð1 nÞ
Mmat 
ﬃﬃﬃﬃﬃﬃ
3
2 n
q : ð89Þ
in case of associated plastic ﬂow by implementing a nonlinear
homogenization technique based upon the modiﬁed secant method,
while the corresponding analytical expressions for the hollowb)
y a solid matrix and solid inclusions for different volume fractions of the inclusions
r–Prager type strength criterion, and (b) an elliptical strength criterion.
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et al. (2006) as:
Rm ¼ Smat 1 n
ﬃﬃﬃﬃ
2=3
p
Mmatﬃﬃﬃﬃ
2=3
p
Mmat1
 
; Rþm ¼ Smat 1 n
ﬃﬃﬃﬃ
2=3
p
Mmatﬃﬃﬃﬃ
2=3
p
Mmatþ1
 
: ð90Þ
Fig. 10 shows the hydrostatic compressive and tensile strength vs.
porosity according to the hollow sphere model, Maghous’ modiﬁed
secant model, and our LCC-based prediction. The friction coefﬁcient
of the matrix is set toMmat ¼ 0:3. As far as the compressive strength
is concerned, all three models conform well for porosities larger
than its critical value ncrit (see Fig. 10a), deﬁned as the transition
from inﬁnite to ﬁnite strength in compression (see also Section 4.1).
However, for n 6 ncrit, both the proposed LCC method and Maghous’
modiﬁed secant model fail to predict correctly the compressive
strength. As already explained in Dormieux et al. (2006) and Mag-
hous et al. (2009), the reason lies in the fact that in case of low
porosities, a single effective strain rate for the whole solid matrix
phase, inherent to the LCC approach (Ponte Castaneda, 1991) which
was adopted by both models, is not accurate enough for capturing
the strain heterogeneity around the pores. As can be noticed from
Fig. 10(a), the critical porosity ncrit ¼ ð2=3ÞM2mat ¼ 0:06 obtained
fromMaghous’s model is half of the value ncrit ¼ 0:12 obtained from
the proposed LCC model according to Eq. (72) if the Mori–Tanaka
scheme is applied. This may be explained by the quadratic averag-
ing rule used in Maghous’ model based on the modiﬁed secant
method (Barthelemy and Dormieux, 2004) when deﬁning the effec-
tive strain rate, in contrast to the linear averaging rule adopted in
the proposed model in Eq. (3). On the other hand, the comparison
of the estimated tensile strength in Fig. 10(b) shows relatively an
excellent agreement for any value of porosities.5.2. Cohesive–frictional (Drucker–Prager) matrix with rigid inclusions
The validation of the up-scaled macroscopic strength criterion
generated for a composite characterized by a frictional (Drucker–
Prager-type) matrix material with rigid inclusions is based on a
comparison of the estimated homogenized macroscopic friction
coefﬁcient with results from experiments performed by Pedro
(2004) and with predictions obtained by Maghous et al. (2009)
based on the modiﬁed secant model (see Section 5.1). In the exper-
iments performed by Pedro (2004), the strength properties of Fon-
tainebleau sand samples, reinforced by randomly distributed
gravel inclusions with varying volume fractions, have been investi-
gated. Since the grain size of the Fontainebleau sand is much ﬁner
than the gravel sand, the sand can be modeled as a homogenized
matrix reinforced by gravel inclusions, which have, relative to
the sand, a considerably larger stiffness and therefore can be con-
sidered as rigid.(a)
Fig. 10. Comparison of the hydrostatic strength limits predicted by the LCC method with
a Drucker–Prager matrix (Mmat ¼ 0:3) with air pores: (a) compression; (b) tension.According to the predicted macroscopic strength criterion (79),
the homogenized friction coefﬁcient of the sand-gravel composite
is determined aseMhom¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃBDPhom=ADPhomq
¼Mmat
1n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1n2Þþð6þ8M2matÞn
 
6þ9nþð12þ8nÞM2mat
 
6ð1þ2M2matÞð3þ4nM2matÞ
vuut
: ð91Þ
In the Maghous’ modiﬁed secant model the macroscopic friction
coefﬁcient of composites with a Drucker–Prager matrix and rigid
inclusions is established as
Mhom ¼ Mmat
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 3
2
n
r ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 23 nM2x
q
1 23 nMxMmat
; ð92Þ
whereMx 2 ½0; Mmat is the dilatancy coefﬁcient of the matrix phase.
Introducing Mx allows for consideration of a non-associative plastic
behavior: Mx ¼ 0 represents a plastic incompressible case, and the
limit case Mx ¼ Mmat corresponds to an associated plastic ﬂow rule
(the normality rule).
Fig. 11 contains a comparison of the predictions from the pre-
sented LCC-based model with the homogenization results obtained
by Maghous et al. (2009) and the experimental results from Pedro
(2004). The predictions obtained from the Maghous’ modiﬁed se-
cant method ﬁt almost perfectly with the Pedro’s experimental
data for the case Mx ¼ 0 (plastic incompressible case), whereas
for the case Mx ¼ Mmat (associated ﬂow rule) Maghous’ model, as
well as the proposed LCC-based homogenization model, overesti-
mate the macroscopic friction coefﬁcient to a large extent. This
conﬁrms that the adoption of the associated ﬂow rule in the LCC
method, on which the upper bound theorem relies on, always re-
sults in an overprediction of dilatancy for geomaterials such as
soils and rocks. Besides, although both the presented LCC method
and Maghous’ modiﬁed secant method are framed within the (var-
iational) LCC approach proposed by Ponte Castaneda (1991) and
Ponte Castaneda, 2002, they differ in the averaging rule used for
deﬁning the effective strain rate (see Section 5.1) and the regular-
ization technique applied for resolving the high singularity of the
support function, e.g. in the case of the Drucker–Prager-type crite-
rion. These differences contribute to the disparity observed in
Fig. 11(a) between Maghous’ model (Mx ¼ Mmat), using an associ-
ated ﬂow rule, and the proposed LCC method. On the other hand,
when the porosity is increased to one, the macroscopic friction
coefﬁcient is expected to asymptotically reach inﬁnity when the
whole domain is occupied by the rigid phase. This limit case is well
captured by the prediction from the LCC model as shown in
Fig. 11(b), while the modiﬁed secant model reaches a ﬁnite value.(b)
Maghous’ model in case of associated plastic ﬂow, and the hollow sphere model, for
(a) (b)
Fig. 11. Comparison of LCC-based predictions of the friction coefﬁcient of a frictional matrix material with rigid inclusions with model predictions by Maghous et al. (2009)
and experimental data by Pedro (2004).
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inclusions
In this subsection, the predictive capabilities of the LCC-based
strength upscaling for composite materials characterized by a
cohesive–frictional (Drucker–Prager type) matrix material with so-
lid inclusions, whose material behavior is also characterized by a
cohesive–frictional behavior represented by the Drucker–Prager
strength criterion are investigated. As the basis for the validation
of the macroscopic strength predicted by the LCC approach, exper-
iments conducted by Heukamp et al. (2003) and Lemarchand et al.
(2002) on unleached and leached cement pastes and mortars are
adopted. For the unleached test, the mortar is characterized by aTable 2
Experimentally-determined material and strength properties of unleached and
leached mortar specimens (M) composed of a cement paste matrix (CP) and ﬁne
sand inclusions (S).
Properties Unleached Leached Units
Inclusion vol. fraction n 0:5 0:72 –
Cohesion cM 9:82 0:96 MPa
cCP 17:11 1:15 MPa
cS 0:1 0:1 MPa
Friction coefﬁcient MM 1:02 0:81 –
MCP 0:82 0:56 –
MS 1:08 1:08 –
Shear modulus gCP 13:5 3:2 GPa
gS 44:3 44:3 GPa
(a)
Fig. 12. Comparison of model prediction and experimental results obtained for the m
composed of a cement paste matrix (CP) and ﬁne sand inclusions (S).water-cement-sand mass ratio of w=c=s ¼ 1=2=4 using an ordinary
Type I Portland cement and a ﬁne Nevada sand, which corresponds
roughly to an inclusion volume fraction of n ¼ 0:5. After the cal-
cium leaching process, the calcium silicate hydrates (CSH) and
Portlandite (Ca (OH)2) are decalciﬁed in the cement paste, resulting
in an increase of the volume fraction of the aggregates to n  0:72
and a reduction of the stiffness and strength of the remaining solid
matrix. All relevant material and strength properties listed in Ta-
ble 2 can be determined experimentally from the tests on the unle-
ached and leached specimens (Heukamp et al., 2003) and from
tests on quartz sand (Gomes et al., 2010; Pichler and Hellmich,
2011). The mortar material (subscript M) is considered as a com-
posite material, consisting of a cohesive–frictional (Drucker–Prager
type) matrix phase – the cement paste (subscipt CP) – and a solid
(Drucker–Prager type) inclusion phase – the ﬁne sand grains (sub-
script S). The macroscopic strength characteristics of both the un-
leashed and the leached mortar material predicted by the LCC
method are compared with the experimental data.
Specifying Eq. (84) using the material parameters of the matrix
and inclusion phases listed in Table 2, the cohesion and the fric-
tional coefﬁcient characterizing the macroscopic strength criteria
of the unleached (superscript UL) and leached (superscript L) mor-
tar specimens are estimated as~cULM ¼ 12:87MPaeMULM ¼ 0:96
(
and
~cLM ¼ 1:06MPaeMLM ¼ 0:85
(
ð93Þ(b)
acroscopic strength envelope for: (a) unleached; (b) leached mortar specimens
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in Table 2, the values obtained for the cohesion and the frictional
coefﬁcient correlate well, both in regards to the overall tendency
from the unleached to the leached state, as well as quantitatively.
Fig. 12 contains a comparison of the strength envelopes for both
(unleashed and leached) mortars. The predictions by the proposed
LCC approach are included as dashed lines, and the best ﬁt of
experimental data as solid lines. Apparently, the decrease in cohe-
sion and the increase in the friction coefﬁcient of both unleached
and leached mortar, relative to the cement paste matrix, which re-
sults from the changing volume fraction of the sand inclusions act-
ing as a reinforcement of the cement paste, are captured well by
the model predictions. In particular for the leached case (see
Fig. 12(b)), the predicted macroscopic strength criterion ~F hom
shows an excellent agreement with the experimental result Fhom.6. Conclusions
In the paper, a robust homogenization procedure for strength
upscaling of nonlinear matrix-inclusion composites based upon
the Linear Comparison Composite approach within the framework
of the yield design theory (Ortega et al., 2011) has been proposed.
The presented model allows for predictions of the homogenized
strength properties of composite materials for different assump-
tions concerning the individual strength properties of the cohe-
sive–frictional matrix material and the inclusions. The matrix
material may be either represented by a Drucker–Prager-type
(hyperbolic) or an elliptical strength criterion, which are typically
adopted for geological and cement-based materials. As the inclu-
sion phase either air voids, representing a composite with air
pores, pores ﬁlled with a ﬂuid, representing a water-saturated por-
ous composite, cohesive–frictional materials of the same type as
the matrix phase, but with different strength properties, represent-
ing a composite reinforced by aggregates, are considered. In addi-
tion, as a limit case, also composites reinforced by rigid inclusions
are considered. The strength-upscaling method predicts the mac-
roscopic strength of a nonlinear composite by means of determin-
ing the dissipation potential from an optimally chosen linear
thermo-elastic comparison composite with a similar underlying
microstructure, which is used to evaluate limit states of
macroscopic stresses in the framework of the yield design theory.
An efﬁcient algorithm was proposed to generate the macroscopic
dissipation potential, which allows to establish the macroscopic
strength functional in terms of stress invariants in an explicit for-
mat for all investigated cases, including complex combinations of
matrix and inclusions characterized by Drucker–Prager-type as
well by elliptic strength criteria. The generated strength criteria
are also of a hyperbolic or elliptical format. This analytical format
allows a straightforward generalization of the proposed procedure
to a multi-scale strength homogenization strategy for complex
hierarchical composites.
The model has been applied to different classes of composites.
The numerical applications have shown, that the generated
strength envelopes of the composite material correctly predicts
the limit cases with regards to volume fractions of the inclusions
at n ¼ 0 and n ¼ 1. A Drucker–Prager type matrix with air voids
yields a strength criterion which shows a transition from a hyper-
bolic to an elliptic characteristics with increasing volume fraction,
ﬁnally collapsing to a point as n! 1. A matrix with an elliptic
strength criterion with air voids leads to an elliptical macroscopic
strength envelope which shrinks with increasing void ratio and
also degenerates to a point as n! 1. Composites with a matrix
material and solid inclusions both being characterized by either a
hyperbolic (Drucker–Prager-type) or a elliptic criterion (i.e. a crite-
rion, which predicts strength limit in both hydrostatic tension andcompression) show, at a macroscopic level, a smooth transition be-
tween the strength envelopes of both phases. The model predic-
tions for selected classes of composites were compared with
results from a 1-D thought model (Dormieux et al., 2006), experi-
ments on sand specimens with gravel inclusions (Pedro, 2004) and
on leached and unleached cement specimens (Heukamp et al.,
2003; Lemarchand et al., 2002), respectively, as well as with an
alternative strength homogenization method – the modiﬁed secant
model (Maghous et al., 2009). A very good correlation between
model predictions for the homogenized strengths characteristics
for unleached and leached mortar was obtained. However, a con-
siderable overprediction of the friction coefﬁcient were found for
the upscaling of composites reinforced with rigid inclusions. It
should be noted, however, that in contrast to the modiﬁed secant
model by Maghous et al. (2009), the proposed model predicts the
correct asymptotic limit for the friction coefﬁcient (M !1) as
n! 1. This overprediction of the friction coefﬁcient is attributed
partially to the fact, that, as a consequence of the principle of max-
imum plastic dissipation inherent to the upper bound theorem
within the yield design theory, the LCC-based upscaling method
is not able to capture non-associated plastic ﬂow observed for
many geological materials. In addition, it is concluded from the
comparison with the modiﬁed secant model proposed by Maghous
et al. (2009), that the differences may also arise from the linear
averaging rule applied for the deﬁnition of the effective strain rate
in the proposed model.References
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